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Olimpiada Nationala de Matematica 2019
Etapa locala — Iasi, 15 februarie 2019
CLASAaXa

Barem

Problema 1. Demonstrati ca :

a)dacia,beN, 2<a<b, incita+b=2019, atunci log,beR-Q;

. . I I
b) daca a,be(0,1), distincte, cu a+b=1, atunci aln a+binb >M.
Solutie si barem:
a) Prin reducere la absurd se presupune calog, b ¢ R—Q, atunci
m
log,beQ, =3m,neN" astfel incat Iogab=m Sbh=a"<b"=a" . 2p
n
Cum a si b au paritati diferite, a™ si b" au paritati diferite, rezulta contradictie, deci
100, 0 € R = . Ip
b) alna+blnb>w<:>(2a—1)|na+(2b—1)|nb>0 ........................................... 1p
Cuma + b=1, (2a—1)Ina+(2b—1)Inb> 0« (2a-1)Ina—(2a—1)Inb>0
c>(2a—1)|n%>0 .................................................................................................................... 1p
5 1 . ., 5 a <
Daca0< a <E <b, atunci 2a—1<0 si In6< 0, rezulta (2a—1) InB > ( adevarat............... 1p
5 1 . ., 5 a <
Daca0< b <E <4, atunci 2a—1>0 si In6> 0, rezultd (2a-1) InE > (0 adevarat............... 1p
Problema 2.
1
a) Determinati numerele complexe z care au |z| =1si z° +—2‘ =2.
YA

b) Se considerd numerele z;,2,,25,2,€C, cu |Zl|:|zz|:|z3|:|z4|:a >0.Daca z;+2,+2;+2, =0,

ardtati cd |2 —z)|+|z—2,|+|z— 2| +|z- 74| 4a, VZeR
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Solutie si barem:

—\2
a) Fie z=x-+iy,xyeR.Deoarece [z]=1=x*+y* =1 giiz:(z) =x*—2xyi—y%....1p
z

zz+i2=2<:>‘x2+2xyi—y2+x2—2xyi—y2‘=2<:>‘x2—y2‘=1<:>x2—y2:J_rl ..... 1p
z
2 2 _
S _1c>{x_i1:>z»e{1,—l} .............................................................................. 1p
x2—-y*=1 (y=0
2 2 _
{x2+y2_1 @{X_O =5 Z €, =1} oo 1p
x“—y?=-1 |y=%1
__ o Y
b) |zk|:a:>|z—zk|=‘z—zk‘=‘z—z=‘Z Zk‘ |Zk|:‘z B zk‘:‘z % a‘ .......... 2p

a a a
Cum |A+|B|+|C|+|D|>|A+B+C+D|,vA B,C,D e C, rezulta

2—7,|+|z-2|+|z2— 2| +|z -2 _1 7-7z,—a%|+|z-z,—-a%|+|z-z,—a%|+|z -z, —a%|)>
1 2 3 4 a 1 2 3 4

‘z(zl+z2 +23+z4)—4a2‘ 432
> = =

a a

Problema 3.

16
——4
a) Rezolvati ecuatia 2019°* +2019% =2

b) Fie xeRsi a,b,ce (0, oo) astfel incat a* +b* +¢* =a**t.p*t.c*1,

Ariatati ca a®** +b¥*2 4c*3 > 9,

Solutie si barem:

16
a) Rescriem 2019 +2019 x =2.2019*

Dacd X <O0nu avem SOIULIL. .. .vueieet ittt e 1p

6 6 16
: S N St e e
Daca x>0, 2019" +2019* >2\2019 >2\2019 =242019° =2-2019"......... 2p
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Are loc egalitate daca si numai dacd X =—=>X=450lUtiC........ccevveriririririiiiiiiiiien e 1p
X
X x X
b) Din inegalitatea mediilor, a* +b* +c¢c* >3a3b3c3 ... ... ... 1p
X X X 2x+3 2x+3  2x+3
a“t.p*.c* >3a3h3¢c3, decia 3 b 3 C 3 23 1p
2x+3 2x+3  2x+3
Tot din inegalitatea mediilor avem a?**3 +b?**3+¢>**¥ >33 3 .p 3 .¢ 3 >3.3=9.......... 1p

Problema 4.
a) Fie functia f :C — C, astfel incat f(x)- f (ix) = x?, VX € C. Demonstrati ci f este impara
b) Fie functia f :C — C, astfel incat f(x)+ f(ex) =x, Vx e C, ¢ fiind radacina cubica a unitatii,
e #1. Determinati functia f

Solutie si barem:

Q) 1> IX = F(IX) - T (X)) = mX2 e 2p
F(=X) == T (X), VX EC e, 1p
b) Transformam X —&€X si X > e%x si avem
f(ex)+ f (ezx) B e 1p
f (82x)+ FUX) = E2K oot 1p

Avemsi f(x)+ f(ex) =X, VX e C, din enunt. Formam un sistem cu necunoscutele
y=f(X), z= f(ex),t = f (¢°x) . Rezolvand se obtine y = f(x) = %(X—SX+ gzx) ....... Ip

$TAVAN 1482 = =8 =5 F(X) = —8X eevveene e 1p

Nota: Orice alta solutie corecti sau demers de rezolvare COrect se va puncta corespunzdtor.
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